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Abstract 
 
In the present paper, we prove that for any n natural number,  in the [ ]22 )1(, +nn  interval 

there are always exist 6k±1 type tggg ,...,, 21  natural numbers. We give a closed formula to 

the n-dependent value t and on the tggg ,...,, 21  natural numbers. After all, based on the 

Dénes-type Complementary Prime-sieve theorem (see [Dénes 2001]), we prove that among 
the tggg ,...,, 21  natural numbers for any n, there are at least one prime number. 

-----  .  ----- 
 
 
THEOREM 1. 
Let n be any natural number, then there always exist a q prime number on which it is fulfilled 

(1)                                                      
22 )1( +〈〈 nqn   

 
Proof  
Let denote ri pppp ,...,,...,, 21  the all prime numbers less than n2 

 
(2)                                                 2

21 ...... npppp ri 〈〈〈〈〈〈  

 
Since (n+1)2-n2=2n+1 (n≥2) then in the [ ]22 )1(, +nn  interval has at least one natural number 

in the form gx=6z±1, where x=1,2,3,…,t és z=1,2,3,…  Search for the first of these type (1g ) 
numbers after n2 (see Figure 1). 
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                                                 2n                                              2)1( +n  
Figure 1. 

 
According to the (3a)-(3f) formulas, g1 is 6z+1 type only in the case (3a), in all other cases are 
there of 6z-1 type. Since we search the gx=6z±1 type natural numbers in the [ ]22 )1(, +nn  
interval, then there exists in each case a g2 number that is opposite type to g1. So on g2 are true 
of the following relationships: 
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               (3a) ⇒ g1=n2+1    (6z+1) 
       (3b),(3c) ⇒ g1=n2+1    (6z-1) 
       (3d),(3e) ⇒ g1=n2+4    (6z-1) 
               (3f) ⇒ g1=n2+2    (6z-1) 
  

               (3a) ⇒ g2=n2+5    (6z-1) 
       (3b),(3c) ⇒ g2=n2+3    (6z+1) 
       (3d),(3e) ⇒ g2=n2+6    (6z+1) 
               (3f) ⇒ g2=n2+4    (6z+1) 
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Table 1. presents some examples to calculating g1 and g2 values. Column 4 of the Table 1. 
shows the calculation of g1 and column 7 shows the calculation of g2 with the formulas (3a)-
(3f) and (4a)-(4f). Columns 6 and 9 contain the values g1 and g2 (bold highlighting indicates 
that g1 or g2 is prime). 
 
We call g1-type the next arithmetic series in the [ ]22 )1(, +nn  interval, and denote t1 the 
number of elements of the series: 
(5)                                           g1, g1+6, g1+2⋅6, …, g1+( t1-1)⋅6 
 
Using the formulas (3a)-(3f) we can determine the number of elements of the g1-type series 
(t1). 
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 We call g2-type the next arithmetic series in the [ ]22 )1(, +nn  interval, and denote t2 the 
number of elements of the series:    
(7)                                           g2, g2+6, g2+2⋅6, …, g2+( t2-1)⋅6 
 
Using the formulas (4a)-(4f) we can determine the number of elements of the g2-type series 
(t2). 
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We are obtained the number t of the gx=6z±1-type elements in the [ ]22 )1(, +nn  interval (see 
figure 1.)  by summing the pairwise t1 and t2 (see (6a)-(6f), (8a)-(8f) and Table 1. column 10). 
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It follows from the above and from the Theorem 1. in [Dénes 2001] that there are always t 
pieces of 6z±1-type tgg ,...,1  values (see (9a)-(9f)) in the [ ]22 )1(, +nn  interval and only 

among them there exists the prime numbers in the intervals. Cases n=3,4,...,10 are shown in 
Figures 2-9. In the Figures the arrows indicate the corresponding gi values, with the bold 
arrows marked if gi is a prime number. 
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Examples 
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Continue of the proof (indirect) 
 
As an indirect condition contrary to statement (1), let us suppose that the tgg ,...,1 -types 

values (see (5), (7)) for any natural number n is not a prime number. Therefore, based on the 
formulas (3a)-(3f), due to [Dénes 2001] Theorem 2, to each gx (x=1,2,…,t) must be true one of 
the following equations: 
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We show that in the case of each gx values (1≤x≤t)  for all n natural numbers (see (3a)-(3f) 
and (5), (7), as well as Figure 1.), the indirect statement always leads to a contradiction. 
 
Due to the formulas (5) and (7) the values gx (x=1,2,…,t) can be sorted into the following 
series: 
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For the rest of the proof, we will calculate all the pairs of formulas (3a)-(3f) and (10a)-(10d), 
which produce all n natural numbers (this is 6⋅4 = 24 cases). In other words, we produce the 
formulas to the gx and gx+1 elements of the tgg ,...,1  series due to the (10a)-(10d) 

correspondence.
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Case of the (3a) - (10a) – (10c): 
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u is defined as a natural number (see (10a)-(10d)), but the result of calculations (12a)-(12b) is 
contrary! 
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Case of the (3a) - (10a) – (10d): 
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u is defined as a natural number (see (10a)-(10d)), but the result of calculations (13a)-(13b) is 
contrary! 
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u is defined as a natural number (see (10a)-(10d)), but the result of calculations (14a)-(14b) is 
contrary! 
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Case of the (3a) - (10b) – (10d): 
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u is defined as a natural number (see (10a)-(10d)), but the result of calculations (15a)-(15b) is 
contrary! 
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Case of the (3b),(3c) - (10c) – (10a): 
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x  

 
 

(16b)             

)16(6

1312186

)16(6

62)1(36363612)1(186

)16(6

62)1(3

)16(6

62)1(3
6

6

)2(32

6
6

)2(32

)16(6

62)1(3
)16(

6

2)1(3

22

2222

222

2)16(

)16(22)16(

−
−++−+=

=
−

−+−++−+−+−+=

=
−

−+−+++
−

−+−+=−++
⇒

⇒++=−++
⇒

⇒
−

−+−+=⇒+−=+−+
⇒

u

nxuuxun

u

uxnuuuuxuun

u

uxn
u

u

uxn
u

xn

vuuv
xn

u

uxn
vuuv

xn

a

aa

 

 
 

(16c)            

( )

0
12

323
033122

13121864324186

1312186)16()2(32

2
2

2222

222
)16(

〈
−−=⇒=−++⇒

⇒−++−+=+−−−+⇒

⇒−++−+=−−++⇒

xn
uxun

nxuuxunxnuuxun

nxuuxunuxn
b

 

 
 
u is defined as a natural number (see (10a)-(10d)), but the result of calculations (16a)-(16c) is 
contrary! 
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Case of the (3b),(3c) - (10c) – (10b): 

(17a)              

1)6(6)2(33)2(3

1)6(6)1(31)1(3
)10(

2
)3(),3(

21

)10(
2

)3(),3(

1

+−−=−++=−+=

−−+=−++=−+=

+ vuuvxnxgg

vuuvxnxgg
bcb

x

ccb

x  

 
 

(17b)             

)16(6

13726186

)16(6

62)1(36363612)1(186

)16(6

62)1(3

)16(6

62)1(3
6

6

)2(32

6
6

)2(32

)16(6

62)1(3
)16(

6

2)1(3

222

2222

222

2)17(

)17(22)17(

−
+−−−++=

=
−

+−−−−+−−+−+=

=
−

−+−+−−
−

−+−+=−++
⇒

⇒−−=−++
⇒

⇒
−

−+−+=⇒+−=+−+
⇒

u

nxuuuxun

u

uxnuuuuxuun

u

uxn
u

u

uxn
u

xn

vuuv
xn

u

uxn
vuuv

xn

a

aa

 

 
 

(17c)            

( )

44 344 21
egerannot

b

uuu

nxuuuxunxnuuxun

nxuuuxunuxn

int

22

2,1
2

22222

2222
)17(

72

721515

722

7243030
013072

137261864324186

13726186)16()2(32

+±=
⋅

⋅+±=⇒=−−⇒

⇒+−−−++=+−−−+⇒

⇒+−−−++=−−++⇒

 

 
 
u is defined as a natural number (see (10a)-(10d)), but the result of calculations (17a)-(17c) is 
contrary! 
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Case of the (3b),(3c) - (10d) – (10a): 

(18a)              

1)6(6)2(33)2(3

1)6(6)1(31)1(3
)10(

2
)3(),3(

21

)10(
2

)3(),3(

1

+++=−++=−+=

−+−=−++=−+=

+ vuuvxnxgg

vuuvxnxgg
acb

x

dcb

x  

 
 

(18b)             

)16(6

13726186

)16(6

62)1(36363612)1(186

)16(6

62)1(3

)16(6

62)1(3
6

6

)2(32

6
6

)2(32

)16(6

62)1(3
)16(

6

2)1(3

222

2222

222

2)18(

)18(22)18(

+
−+++++=

=
+

++−++++++−+=

=
+

++−+++
+

++−+=−++
⇒

⇒++=−++
⇒

⇒
+

++−+=⇒−+=+−+
⇒

u

nxuuuxun

u

uxnuuuuxuun

u

uxn
u

u

uxn
u

xn

vuuv
xn

u

uxn
vuuv

xn

a

aa

 

 
 

(18c)            

( )

0
48

210

48

9610010
011024

137261864324186

13726186)16()2(32

2,1
2

22222

2222
)18(

〈
±−=−±−=⇒=++⇒

⇒−+++++=−++−+⇒

⇒−+++++=+−++⇒

uuu

nxuuuxunxnuuxun

nxuuuxunuxn
b

 

 
 
u is defined as a natural number (see (10a)-(10d)), but the result of calculations (18a)-(18c) is 
contrary! 
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Case of the (3b),(3c) - (10d) – (10b): 

(19a)              

1)6(6)2(33)2(3

1)6(6)1(31)1(3
)10(

2
)3(),3(

21

)10(
2

)3(),3(

1

+−−=−++=−+=

−+−=−++=−+=

+ vuuvxnxgg

vuuvxnxgg
bcb

x

dcb

x  

 
 

(19b)             

)16(6

1318186

)16(6

62)1(36363612)1(186

)16(6

62)1(3

)16(6

62)1(3
6

6

)2(32

6
6

)2(32

)16(6

62)1(3
)16(

6

2)1(3

22

2222

222

2)19(

)19(22)19(

+
+−−−+=

=
+

−−−−−−−++−+=

=
+

++−+−−
+

++−+=−++
⇒

⇒−−=−++
⇒

⇒
+

++−+=⇒−+=+−+
⇒

u

nxuuxun

u

uxnuuuuxuun

u

uxn
u

u

uxn
u

xn

vuuv
xn

u

uxn
vuuv

xn

a

aa

 

 
 

(19c)            

( )

x
nxn

uuxn

nxuuuxunxnuuxun

nxuuxunuxn

egerannever

b

+−=−+=⇒=−+⇒

⇒−+++++=−++−+⇒

⇒+−−−+=+−++⇒

43421
int

22
2

22222

222
)19(

6

52

6

562
6562

137261864324186

1318186)16()2(32

 

 
 
u is defined as a natural number (see (10a)-(10d)), but the result of calculations (19a)-(19c) is 
contrary! 
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Case of the (3d),(3e) - (10c) – (10a): 

(20a)              

1)6(6)2(36)2(3

1)6(6)1(34)1(3
)10(

2
)3(),3(

21

)10(
2

)3(),3(

1

+++=−++=−+=

−−+=−++=−+=

+ vuuvxnxgg

vuuvxnxgg
aed

x

ced

x  

 
 

(20b)             

)16(6

23186

)16(6

65)1(36363630)1(186

)16(6

65)1(3

)16(6

65)1(3
6

6

)2(35

6
6

)2(35

)16(6

65)1(3
)16(

6

5)1(3

22

2222

222

2)20(

)20(22)20(

−
++++=

=
−

−+−++−+−+−+=

=
−

−+−+++
−

−+−+=−++
⇒

⇒++=−++
⇒

⇒
−

−+−+=⇒+−=+−+
⇒

u

nxuxun

u

uxnuuuuxuun

u

uxn
u

u

uxn
u

xn

vuuv
xn

u

uxn
vuuv

xn

a

aa

 

 
 

(20c)            

( )

0
6

162
6162

23186136186

23186)16()2(35

2
2

2222

222
)20(

〈
−−−=⇒=−−−⇒

⇒++++=+−−−+⇒

⇒++++=−−++⇒

xn
uuxn

nxuxunxnuuxun

nxuxunuxn
b

 

 
 
u is defined as a natural number (see (10a)-(10d)), but the result of calculations (20a)-(20c) is 
contrary! 
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Case of the (3d),(3e) - (10c) – (10b): 

(21a)              

1)6(6)2(36)2(3

1)6(6)1(34)1(3
)10(

2
)3(),3(

21

)10(
2

)3(),3(

1

+−−=−++=−+=

−−+=−++=−+=

+ vuuvxnxgg

vuuvxnxgg
bed

x

ced

x  

 
 

(21b)             

)16(6

232472186

)16(6

65)1(36363630)1(186

)16(6

65)1(3

)16(6

65)1(3
6

6

)2(35

6
6

)2(35

)16(6

65)1(3
)16(

6

5)1(3

222

2222

222

2)21(

)21(22)21(

−
−−−+−+=

=
−

+−−−−+−−+−+=

=
−

−+−+−−
−

−+−+=−++
⇒

⇒−−=−++
⇒

⇒
−

−+−+=⇒+−=+−+
⇒

u

nxuuuxun

u

uxnuuuuxuun

u

uxn
u

u

uxn
u

xn

vuuv
xn

u

uxn
vuuv

xn

a

aa

 

 
 

(21c)            

( )

72

30
,00)3072(03072

232472186136186

232472186)16()2(35

21
2

22222

2222
)21(

==⇒=−⇒=−⇒

⇒−−−+−+=+−−−+⇒

⇒−−−+−+=−−++⇒

uuuuuu

nxuuuxunxnuuxun

nxuuuxunuxn
b

 

 
 
u is defined as a natural number (see (10a)-(10d)), but the result of calculations (21a)-(21c) is 
contrary! 
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Case of the (3d),(3e) - (10d) – (10a): 

(22a)              

1)6(6)2(36)2(3

1)6(6)1(34)1(3
)10(

2
)3(),3(

21

)10(
2

)3(),3(

1

+++=−++=−+=

−+−=−++=−+=

+ vuuvxnxgg

vuuvxnxgg
aed

x

ded

x  

 
 

(22b)             

)16(6

232472186

)16(6

6236363630)1(186

)16(6

65)1(3

)16(6

65)1(3
6

6

)2(35

6
6

)2(35

)16(6

65)1(3
)16(

6

5)1(3

222

2222

222

2)22(

)22(22)22(

+
++++−+=

=
+

++++++++−+=

=
+

++−+++
+

++−+=−++
⇒

⇒++=−++
⇒

⇒
+

++−+=⇒−+=+−+
⇒

u

nxuuuxun

u

uxnuuuuxuun

u

uxn
u

u

uxn
u

xn

vuuv
xn

u

uxn
vuuv

xn

a

aa

 

 
 

(22c)            

( )

43421
egerannot

b

uuuuu

nxuuuxunxnuuxun

nxuuuxunuxn

int

2,1
22

22222

2222
)22(

12

102
01824032472

232472186136186

232472186)16()2(35

±=⇒=−−⇒=−−⇒

⇒−−−+−+=−++−+⇒

⇒++++−+=+−++⇒

 

 
 
u is defined as a natural number (see (10a)-(10d)), but the result of calculations (22a)-(22c) is 
contrary! 
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Case of the (3d),(3e) - (10d) – (10b): 

(23a)              

1)6(6)2(36)2(3

1)6(6)1(34)1(3
)10(

2
)3(),3(

21

)10(
2

)3(),3(

1

+−−=−++=−+=

−+−=−++=−+=

+ vuuvxnxgg

vuuvxnxgg
bed

x

ded

x  

 
 

(23b)             

)16(6

23186

)16(6

6236363630)1(186

)16(6

65)1(3

)16(6

65)1(3
6

6

)2(35

6
6

)2(35

)16(6

65)1(3
)16(

6

5)1(3

22

2222

222

2)23(

)23(22)23(

+
−−−+=

=
+

−−−−−−++−+=

=
+

++−+−−
+

++−+=−++
⇒

⇒−−=−++
⇒

⇒
+

++−+=⇒−+=+−+
⇒

u

nxuxun

u

uxnuuuuxuun

u

uxn
u

u

uxn
u

xn

vuuv
xn

u

uxn
vuuv

xn

a

aa

 

 
 

(23c)            

( )

321
egerannever

b

n
x

xn
uxnu

nxuxunxnuuxun

nxuxunuxn

int

22
2

2222

222
)23(

6

12

6

162
01626

23186136186

23186)16()2(35

++=++=⇒=+++−⇒

⇒−−−+=−++−+⇒

⇒−−−+=+−++⇒

 

 
 
u is defined as a natural number (see (10a)-(10d)), but the result of calculations (23a)-(23c) is 
contrary! 
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Case of the (3f) - (10c) – (10a): 

(24a)              

1)6(6)2(34)2(3

1)6(6)1(32)1(3
)10(

2
)3(

21

)10(
2

)3(

1

+++=−++=−+=

−−+=−++=−+=

+ vuuvxnxgg

vuuvxnxgg
af

x

cf

x  

 
 

(24b)             

)16(6

312186

)16(6

636363618)1(186

)16(6

63)1(3

)16(6

63)1(3
6

6

)2(33

6
6

)2(33

)16(6

63)1(3
)16(

6

3)1(3

22

2222

222

2)24(

)24(22)24(

−
++−+=

=
−

−++−+−+−+=

=
−

−+−+++
−

−+−+=−++
⇒

⇒++=−++
⇒

⇒
−

−+−+=⇒+−=+−+
⇒

u

nxuuxun

u

uxnuuuuxuun

u

uxn
u

u

uxn
u

xn

vuuv
xn

u

uxn
vuuv

xn

a

aa

 

 
 

(24c)            

( )

0
6

662
06626

3121863318186

312186)16()2(33

2
2

2222

222
)24(

〈
++−=⇒=+++⇒

⇒++−+=+−−−+⇒

⇒++−+=−−++⇒

xn
uxnu

nxuuxunxnuuxun

nxuuxunuxn
b

 

 
 
u is defined as a natural number (see (10a)-(10d)), but the result of calculations (24a)-(24c) is 
contrary! 
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Case of the (3f) - (10c) – (10b): 

(25a)              

1)6(6)2(34)2(3

1)6(6)1(32)1(3
)10(

2
)3(

21

)10(
2

)3(

1

+−−=−++=−+=

−−+=−++=−+=

+ vuuvxnxgg

vuuvxnxgg
bf

x

cf

x  

 
 

(25b)             

)16(6

31272186

)16(6

636363618)1(186

)16(6

63)1(3

)16(6

63)1(3
6

6

)2(33

6
6

)2(33

)16(6

63)1(3
)16(

6

3)1(3

222

2222

222

2)25(

)25(22)25(

−
−−+−+=

=
−

+−−+−−+−+=

=
−

−+−+−−
−

−+−+=−++
⇒

⇒−−=−++
⇒

⇒
−

−+−+=⇒+−=+−+
⇒

u

nxuuuxun

u

uxnuuuuxuun

u

uxn
u

u

uxn
u

xn

vuuv
xn

u

uxn
vuuv

xn

a
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(25c)            

( )

1
48

1410
011024033072

312721863318186

31272186)16()2(33

2,1
22

22222

2222
)25(

〈
±=⇒=−−⇒=−−⇒

⇒−−+−+=+−−−+⇒

⇒−−+−+=−−++⇒

uuuuu

nxuuuxunxnuuxun

nxuuuxunuxn
b

 

 
 
u is defined as a natural number (see (10a)-(10d)), but the result of calculations (25a)-(25c) is 
contrary! 
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Case of the (3f) - (10d) – (10a): 

(26a)              

1)6(6)2(34)2(3

1)6(6)1(32)1(3
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2
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+ vuuvxnxgg
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x  

 
 

(26b)             

)16(6

31272186

)16(6
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)16(6
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)16(6
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6

6
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6
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)16(6
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+
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=
+
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=
+
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+
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⇒
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⇒

⇒
+
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u
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u
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a
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(26c)            
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0
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22222
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uuuuu

nxuuuxunxnuuxun

nxuuxunuxn
b

 

 
 
u is defined as a natural number (see (10a)-(10d)), but the result of calculations (26a)-(26c) is 
contrary! 
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Case of the (3f) - (10d) – (10b): 

(27a)              
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(27b)             
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(27c)            

( )
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egerannever

b

n
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int

2
2
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222
)27(

6
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3121863318186

3318186)16()2(33

−+=⇒=+−−⇒

⇒−−−+=−++−+⇒

⇒−++−+=+−++⇒

 

 
u is defined as a natural number (see (10a)-(10d)), but the result of calculations (27a)-(27c) is 
contrary! 
 
 
We have proved above that there are always t pieces of tgg ,...,1  6z±1-type natural numbers in 

the interval [ ]22 )1(, +nn  (see (9a) - (9f)) and only among these can be the prime numbers in 
this interval. 
 
However, in the above (12a)-(27c) has been proved that the indirect condition for any n 
natural number is never satisfied. It follows that, for any natural number n, there exists a 
prime number among the (5) and (7) type g1,…,gt  natural numbers. This is exactly the proof 
of item (1). This is exactly proof of (1) statement of our Theorem 1. 

 
Q.E.D. 
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Table 1.  
1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 

n n2 (n+1)2  type g1  type g2 t 

3 9 16 (3f)⇒ g1=n2+2 6z-1 11 (4f)⇒ g2=n2+4 6z+1 13 2 

4 16 25 (3b)⇒ g1=n2+1 6z-1 17 (4b)⇒ g2=n2+3 6z+1 19 3 

5 25 36 (3e)⇒ g1=n2+4 6z-1 29 (4e)⇒ g2=n2+6 6z+1 31 3 

6 36 49 (3a)⇒ g1=n2+1 6z+1 37 (4a)⇒ g2=n2+5 6z-1 41 4 

7 49 64 (3d)⇒ g1=n2+4 6z-1 53 (4d)⇒ g2=n2+6 6z+1 55 4 

8 64 81 (3c)⇒ g1=n2+1 6z-1 65 (4c)⇒ g2=n2+3 6z+1 67 6 

9 81 100 (3f)⇒ g1=n2+2 6z-1 83 (4f)⇒ g2=n2+4 6z+1 85 6 

10 100 121 (3b)⇒ g1=n2+1 6z-1 101 (4b)⇒ g2=n2+3 6z+1 103 7 

11 121 144 (3e)⇒ g1=n2+4 6z-1 125 (4e)⇒ g2=n2+6 6z+1 127 7 

12 144 169 (3a)⇒ g1=n2+1 6z+1 145 (4a)⇒ g2=n2+5 6z-1 149 8 

13 169 196 (3d)⇒ g1=n2+4 6z-1 173 (4d)⇒ g2=n2+6 6z+1 175 8 

14 196 225 (3c)⇒ g1=n2+1 6z-1 197 (4c)⇒ g2=n2+3 6z+1 199 10 

…          

51 2601 2704 (3f)⇒ g1=n2+2 6z-1 2603 (4f)⇒ g2=n2+4 6z+1 2605 34 

   g3=g1+6 6z-1 2609     

52 2704 2809 (3b)⇒ g1=n2+1 6z-1 2705 (4b)⇒ g2=n2+3 6z+1 2707 35 

53 2809 2916 (3e)⇒ g1=n2+4 6z-1 2813 (4e)⇒ g2=n2+6 6z+1 2815 35 

   g3=g1+6 6z-1 2819     

54 2916 3025 (3a)⇒ g1=n2+1 6z+1 2917 (4a)⇒ g2=n2+5 6z-1 2921 36 

55 3025 3136 (3d)⇒ g1=n2+4 6z-1 3029 (4d)⇒ g2=n2+6 6z+1 3031 36 

   g3=g1+6 6z-1 3035 g4=g2+6 6z+1 3037  

56 3136 3249 (3c)⇒ g1=n2+1 6z-1 3137 (4c)⇒ g2=n2+3 6z+1 3139 38 

…          
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                                  Table 2.  

n n2 (n+1)2 22 )1( +〈〈 nqn   

1 1 4 2  

2 4 9 5  

3 9 16 11  

4 16 25 19  

5 25 36 31  

6 36 49 41  

7 49 64 61  

8 64 81 67  

9 81 100 83  

10 100 121 103  

11 121 144 139  

12 144 169 149  

13 169 196 181  

…     

100 10.000 10.201 10.069  

…     

1.000 1.000.000 1.002.001 1.000.039  

…     

10.000 100.000.000 100.020.001 100.000.213  

…     
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