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Abstract

In the present paper, we prove that for angatural number, in th%n{(n +1)2] interval
there are always exi$k+1 type g,,d,,...,0, natural numbers. We give a closed formula to
the n-dependent valu¢ and on theg,,g,,...,0, natural numbers. After all, based on the

Dénes-typeComplementary Prime-sieve theordsee [Dénes 2001]), we prove that among
the g,,9,,...,0, natural numbers for any there are at least one prime number.

THEOREM 1.

Let n be any natural number, then there always exggbrame number on which it is fulfilled
2 2

(1) n“(q{(n+l)

Proof

Let denotep,, p,,...,P;,---, P, the all prime numbers less thah

2 SRQUREINQ- REIEq G

Since(n+1)*-n*=2n+1 (n=2) then in the[nz,(n +1)2] interval has at least one natural number
in the formg=6zt1, wherex=1,2,3,...,tész=1,2,3,... Search for the first of these typeg, |
numbers aften’ (see Figure 1).

(3a) n=2kandk=3s(s=123..) = n*=(23s)*=6°"=g,=n"+1- (62+])

n=2kandk=3s-1(s=123,...) =
(3b) =n®=(2(8s-1)* =4(3s-1)* = 4(9s* -6s+1) =365° —24s+4 =
=6(6s> -4s)+4=g,=n*+1- (6z-1)

n=2kandk=3s-2(s=123,...) =
(3c) =n®=(2(Bs-2))* =4(3s-2)* = 4(9s* —12s+4) = 365" —48s+16=
=6(6s* -8s+2)+4=9,=n*+1- (6z-1)
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n=2k+landk =3s(s=123,..) = n’=(2[Bs+1)*=36s" +12s+1=

(3d)
=6(6s’ +25)+1= g, =n"+4 - (62-1)
n=2k+landk=3s-1(s=123...) =
—n?=(2B8s-1)+1)% =4(3s-1)%+4(3s-1) +1=
(3) = 4(9s® —6s+1)+125—4+1=365" —24s+4+12s-4+1=365" -125+1=
=6(6s*-2s)+1 = g, =n*+4 - (6z-1)
n=2k+landk=3s-2(s=123...) =
an n? = (2(3s-2) +1)° = 43s-2)2 + 4(3s-2) +1=
= 4(9s® -12s+4) +125-8+1=36s" - 485+16+125s-8+1= 365" —365+6+3 =
=6(6s” -6s+1)+3 =g, =n*+2 - (6z-1)
(Baj> gui=n’+1 (6z+1) (Baj> g=n’+5 (6z1)
(3b),(3c)=> gi=n*+1 (6z1) (3b),(3c=> go=n’+3 (6z+1)
(3d),(3e)=> gi=n’+4  (6z1) (3d),(3e)=> Qo=n’+6  (6z+1)
@ gi=n"+2  (6z1) (3> Q=n"+4  (6z+1)
| | | [ 4 A 4 | |
pll Ipz Ipi plr I bl éZ cee ét I
n? (n+1)?
Figure 1.

According to the (3a)-(3f) formulag; is 6z+1 typeonly in the case (3a), in all other cases are
there of6z1 type Since we search thg=6zt1 type natural numbers in th{nz,(n+1)2J

interval, then there exists in each cagg aumber that is opposite typeda So ong, are true
of the following relationships:

(3a)

(4a) = g,=n’+1. (6z+1)=>g, - (6z-1)=g,=g,+4=n*+5
(3b)

(4b) = @g,=n°+1- (6z2-)=g, - 6z+)=09,=9¢g, +2=n"+3
(3¢)

(4C) = 91:n2+1—>(62—1):gz _>(62+1):>gzzgl+2:n2+3

(3d)

(4d) = g,=n°+4- (6z-) =g, -~ (6z+1)=>g,=0,+2=n"+6
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(3e)
(4e) = 91:n2+4—>(62_1):>92—>(6Z+1):>gz:91+2=n2+6
@f)
(4f) = g, =n*+2_. (6z-1)=g, - 6z+)=g,=g,+2=n’+4

Table 1. presents some examples to calculajingndg, values. Column 4 of the Table 1.
shows the calculation @f; and column 7 shows the calculationgefwith the formulas (3a)-
(3f) and (4a)-(4f). Columns 6 and 9 contain theueal; andg, (bold highlighting indicates
thatg; or g is prime).

We call g;-type the next arithmetic series in tI{uez,(n +1)2] interval, and denot¢; the

number of elements of the series:
(5) o, g;|_+6, g;|_+2[6, ey g]_+( t]_-l)[ﬁ

Using the formulas (3a)-(3f) we can determine tbenber of elements of thg-type series
(ta).
(32) ,
= 0,=n"+1=
(62) I (n+D*-(n*+D) 1| _|n*+2n+1-n°-1+3 _[2n+3}
=t = +=|= =
6 2 6 6

(3b) )
= 0, =n"+1=

(6b) _{(n+1)2—(n2+1) 1}_{n2+2n+1—n2 —1+3}_[2n+3}
=t = +=|= =
6 2 6 6

(30) )
= ¢, =n"+1=

(6¢) _{(n+1)2—(n2+1) 1}_{n2+2n+1—n2—1+3}_{2n+3}
=t = +=|= =
6 2 6 6

(3d) )
= 0,=n"+4=

(6d) = (n+1)2—(n2+4)+l _In*+2n+1-n*-4+3 —[D}
1= 6 2|” 6 -

3

(3¢) ,
= ¢, =n"+4=

(6e) S, ={(n+1)2 —(n? +4) +1} {nz +2n+1-n? —4+3}=F}
6 2 6

3
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@f) )
= 0,=n"+2=

(60) _{(n+1)2—(n2+2) 1}_{&+2n+1—n2—2+3}_{2n+2}_{n+1}
= 1= +—|= = =
6 2 6 6 3

We call go-type the next arithmetic series in tlj[lez,(n +1)2] interval, and denoté, the

number of elements of the series:
(7) @, 9216, g2+2(6, ..., go+(t-1)[6

Using the formulas (4a)-(4f) we can determine tbenber of elements of thg-type series

(t2).
(4a)
= g,=n’+5=
(8a) [(n+n2-(n?+5) 1] [n?+2n+1-n?-5+3] [2n-1
=t = +2|= =
6 2 6 6

(4b) )
= ¢,=n"+3=

(8b) [ (n+)*-(n*+3) . 1|_|n*+2n+1-n*-3+3 _[2n+1}
= t,= +=|= =
6 2 6 6
(4c)
= g,=n"+3=
(80) | (n+)*-(n*+3) 1|_|n*+2n+1-n*-3+3 _{2n+1}
= t,= +=|= =
6 2 6 6
(4d) ,
= 0§,=n"+6=
(8d) | (h+D)?-(n*+6) 1| _|n*+2n+1-n*-6+3 _{n—l}
= t,= +=|= =
6 2 6 3
(4e)
= g,=n"+6=
(8e) | (n+D)?=(n*+6) 1| _|n*+2n+1-n’-6+3 _{n—l}
= t,= +=|= =
6 2 6 3

(@f) )
= 0¢,=n"+4=>

(81) St ={(n+1)2 —(n? +4) +1} {nz +2n+1-n? —4+3} :[D}
6 2 6 3
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We are obtained the numbieof the g,=6zt1-type elements in th{nz,(n +1)2] interval (see
figure 1.) by summing the pairwisgandt, (see (6a)-(6f), (8a)-(8f) and Table 1. column 10).

(6a),(8a) r 1 Tom a7 T
(9a) = t=t 4, = 2n+3 + 2n-1|_|2n+1
. 6 ] | 6 ] | 3
(6b),(8b) - 4 F o -
(9b) 27 b=t 4, = 2n+3] [2n+1]_ 2n+2}
. 6 | L 6 ] | 3
(6¢),(8c) r
(9¢) = t=t +t, = 2n+3}+{2n+1}:{2n+2}
6 6 3
(6d).(8d) T 1] _
o) 20 oy, =] N[0t 2201
3] L 31 L 3 |
(6€),(8¢) FT T4 Fom 17
(%e) =  t=t +t, nign 1 _ 2n-1
13/ L 31 L 3 |
(6)81) r 4 r -
(9f) = t=t, +t, n_+1 ni_ 2n+1
L 3 3] | 3 |

It follows from the above and from the Theoremri[Dénes 2001] that there are always
pieces of6z1-type g,,...,g, values (see (9a)-(9f)) in thtnz,(n+1)2J interval and only
among them there exists the prime numbers in tteevials. Cases=3,4,...,10 are shown in
Figures 2-9. In the Figures the arrows indicate dbeespondingy; values, with thebold
arrows marked ifg; is a prime number.
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Examples

(9f)
nN=3— t=[2[:;+1}=2

B R

10 g, =11 12 g, =13 14
n*>=9 (n+1)? = 16
Figure 2.
(9)
n=4= t:[ZM+2}=3
3
¢ I ¢ I I I I
g, =17 18 0,=19 20 21 22 9g;=23 24
n® =16 (n+1)? = 25
Figure 3.
(9¢) —
n=5% I:IM 1I:3
3
A SR SRS
| | | | | | | I
26 27 28 0,=29 30 g,=31 32 33 34 g,=35

Figure 4.

(9a)
n=65 1= 284 =4

¢ I I I ¢ I ¢ I I

(n+1)% = 36

| g, =37 38 39 409,=41 42 g,=43 44 45

n* =36
Figure 5.

—

46 g, =47 48

(n+1)2 = 49
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(9d) -
7% {22

|||¢|L|||¢|¢|i

50 51 53y,=53 54 g,=555 57 58(g,=59609,=6162 63
n® =49 (n+1)? = 64
Figure 6.

(9¢)
n=8— t=[2[3;+2}=6

ni2=64l éG i " 69%0l 72l -}4 7|5 l i (niol)zzl81

g, =65 g,=67 g,=719,=73 Os= 77 g, =79

Figure 7.

(ef)
n=9= t{ﬂzﬂ}:s

=81 l (n+1)? = 100
=83 9,

l 86 8788 90 l 92 93 94 96 98 99 |
=8 ;=89 ¢,=91 0= 95 g,=97

Figure 8.

(9b)
n=10— t={2ﬂg+2}=7

I 102 104 10806 108 | 110 111112 114 116 117 118 120
n? =10 +1) = 121

g, =101 g, =103 g,=107 g, =109 g;=113 g, =115

Figure 9.
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Continue of the proof (indirect)

As an indirect condition contrary to statement (&}, us suppose that the,,...,g, -types

values (see (5), (7)) for any natural numbes not a prime number. Therefore, based on the
formulas (3a)-(3f), due to [Dénes 2001] TheorenoZachgx (x=1,2,...,J must be true one of
the following equations:

(10a) Onésg, =6z+1 (x=12,...t) = z=6uv+u+v (uv=123..)
(10b) Onésg, =6z+1 (x=12,...t) = z=6uv-u-v (uv=123..)
(10c) Onésg, =6z-1 (x=12,...,t) = z=6uv+u-v (uv=123..)
(10d) Onésg, =6z-1 (x=12,...,t) = z=6uv-u+v (uv=123..)

We show that in the case of eaghvalues {<x<t) for all n natural numbers (see (3a)-(3f)
and (5), (7), as well as Figure 1.), the indireatesment always leads to a contradiction.

Due to the formulas (5) and (7) the valgg$x=1,2,...,J can be sorted into the following
series:

X—2
2 }6,...,gt:>

=0,,9,,9: =9 +t60,=0,%6,..,9, =9, +3(x-1),09,, =9, +3(Xx~2),..., g,

x-1
(11) 0,,9,,0;: =0, +6' 0,=9, +6'---,gx =0, +|:T}6’gx+1 =0, +[

For the rest of the proof, we will calculate alétpairs of formulas (3a)-(3f) and (10a)-(10d),
which produce alh natural numbers (this = 24 cases). In other words, we produce the
formulas to thegx and g1 elements of theg,,...,g, series due to the (10a)-(10d)

correspondence.
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Case of the (3a) - (10a) — (10c):
(32)
g, =0, +3(x-1) = n* +1+3(x~1)

(L0a)
= 6(6uv+tu+v)+1

(128.) (3a) (10c)
O =0, +3(x-2) = n2+5+3(x—2) = 6(6uv+u-v)-1
(12a) 2 _ 2 1) — (12a)
n“ +3(x 1):v(6u+1)+u:> v=" +3(x-1) -6u
6 6(6u +1)
2) 2 _
= n +6+63(x 2):6uv+u—v .
n®+6+3(x-2) _6un2+3(x—1)—6u+u_n2+3(x—1)—6u_
6 6(6u +1) 6(6u+1)
(12b) _ 6un® +18u(x-1) —36u® +36u® +6u—-n?-3(x-1) +6u _
6(6u +1)
_6un® +18u(x-1)+12u-n* -3(x-1)
6(6u +1)

= (n?+6+3(x-2))6u+1) =6un? +18u(x-1) +12u-n? -3(x-1) =
= 6un®+18ux+n%+3x=6un* +18x-6u—-n®>-3x+3 =
-2n®-6x+3

= 2n°+6x+6u-3=0 = UZT“)

u is defined as a natural number (see (10a)-(10dj})the result of calculations (12a)-(12b) is
contrary!
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Case of the (3a) - (10a) — (10d):
(32)
g, =0, +3(x-1) = n*+1+3(x-1)

(10a)
= 6(6uv+tu+v)+1

(13a) (3a) @od)
0, =0,+3(x—2) =n”+5+3(x-2) = 6(6Uuv-u+Vv)-1
@3) 2 - 2 -1 - (13a)
- N EaxTy +3(x-Y) =veu+)+u= v= n" +3(x-1) ~6u =
6(6u +1)
(L3a) 2 -
= A +6+63(X 2) =6uv-u+v =
n+6+3(x-2) _ & n®+3(x-1) - 6u U+ n® +3(x-1)-6u _
6 6(6u +1) 6(6u +1)
_ 6un” +18u(x-1) -36u” —36u” —6u+n” +3(x-1) - 6u _
6(6u +1)
(13b) _6un® +18u(x-1)—-72u° -12u+n* +3(x-1)
6(6u +1)

= (n?+6+3(x-2))6u+1) = 6un? +18ux-30u- 7% +n’ +3x-3 =
= 6un®+18ux+n?+3x=6un’*+18ux-30U—-72u°> +n*+3x-3 =
— 722+30U+3=0 = 24u?+10U+1=0 =

_ -10£+100-96 _ -10%2

u = 0
2 48 48 (

u is defined as a natural number (see (10a)-(10dj))the result of calculations (13a)-(13b) is
contrary!
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Case of the (3a) - (10b) — (10c):
(32)
g, =0, +3(x-1) = n*+1+3(x-1)

0b

)
= 6(6uv-u-v)+1

(143) (3a) (10c)
O, =0, +3(Xx—2) = n*+5+3(x-2) = 6(6uv+u-v)-1
(14a) 2 - 2 - (14a)
= n-+3(x-1 —veu-1)-u= v= n° +3(x—-1) +6u
6 6(6u —1)
(14a) 2 —
= n +6+63(x 2) CBUVEU-V =
n*+6+3(x-2) — & n® +3(x-1) + 6u U n*+3(x-1)+6u _
6 6(6u —1) 6(6u —1)
_ 6un” +18u(x-1) +36u” +36u” —6u—n” -3(x-1) - 6u _
6(6u —1)
(14b) _ 6un” +18u(x-1) +72u* -12u-n* -3(x-1)
6(6u —1)

= (n?+6+3(x-2)6u-1) = 6un” +18ux-30u+ 7> -n® —3x+3 =
= 6un®+18ux—-n?-3x=6un’+18ux-30u+720°-n*-3x+3 =
= 72°-3+3=0 = 24°-1u+1=0 =
_10£+/100-96 _ 102

(1
48 48

= U,

u is defined as a natural number (see (10a)-(10d})the result of calculations (14a)-(14b) is
contrary!
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Case of the (3a) - (10b) — (10d):
(3a) (10b)
g, =0, +3(x-1) = n*+1+3(x-1) = 66uUvV-u-V)+1

(158.) (3a) (@od)
U1 =0, +3(X—=2) = n®+5+3(x-2) = 6(6UvV-u+v)-1
(15a) 2 _ 2 _ (@15a)
n-+3(x-1 —vBU-1)-u= v= n° +3(x—-1)+6u o
6 6(6u —1)
158) 2 _
= n +6+63(X 2) =6uv-u+v =
n+6+3(x-2) _ & n®+3(x-1) +6u U+ n*+3(x-1)+6u _
6 6(6u —1) 6(6u —1)
_6un® +18ux-6u+n®+3x-3
(15b)
6(6u—1)

= (n?+6+3(x-2))6u-1) =6un? +18ux—6u+n’ +3x-3 =
= 6un®+18ux-n*-3x=6un’+18ux-6u+n®+3x-3 =
2n° +6x-3 _ n®> 1

= " T-ox+ —-=

6 3 2

-
neveran int eger

= 6u=2n°+6x-3 = u=

u is defined as a natural number (see (10a)-(10d})the result of calculations (15a)-(15b) is
contrary!
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Case of the (3b),(3c) - (10c) — (10a):

(3b),(3c) (10c)
g, =9, +3(x-1) = n’+1+3(x-1) = 6(6uv+u-v)-1
(168.) (3b),(3c) (10a)
Ui =0, +3(X=2) = n*+3+3(x-2) = 66uv+u+v)+1

(16a) 2 _ 2 _ _ (16a)
0 on +3(x 1)+2:v(6u—1)+u: y= N *+3x-1+2-6u iy
6 6(6u —1)

@) n?+2+3(x-2) _
= 6 =6uv+tu+v =
2 _ 2 _ _ 2 _ :
(16b) L, NTH243(x-2) _ . n°+3(x-D+2-6u  n"+3(x-D+2-6u _
6 6(6u —1) 6(6u—-1)
_ 6un” +18u(x—1) +12u - 36u° +36u° —6u+n? +3(x 1) +2-6u _
6(6u—1)
_6un® +18ux—-12u+3x+n® -1
6(6u —1)

(16b)

= (02 +2+3(x-2))6u-1) = bun® +18x-12+3x+n’ -1 =

(16c) = 6un®+18ux—24u-n®-3x+4=6un”+18ux-12u+3x+n’-1 =
— 2—
= 2n*+120+3x-3=0 = u=%(0

u is defined as a natural number (see (10a)-(16d})the result of calculations (16a)-(16c) is
contrary!
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Case of the (3b),(3c) - (10c) — (10b):
(3b),(3c) (10c)
g, =0, +3(x-1) = n®+1+3(x-1) = 6(6uv+u-v)-1

(17a)
(30),(3¢) (10b)
O =0, +3(x=2) = n*+3+3(x-2) = 66Uv-u-v)+1

7a) 2 — 2 - - @7a)
. n° +3(x 1)+2:v(6u—1)+u:> v=" +3(x-1)+2-6u .
6 6(6u —1)

17a) 2 -
= n +2+63(X 2) =buv-u-v =
n*+2+3(x-2) _

n®+3(x-1)+2-6u Cu- n*+3(x-1)+2-6u _

(17b) = 6u
6 6(6u —-1) 6(6u —1)
_6un® +18u(x-1)+12u-36u® -36u° +6u-n*-3(x-1)-2+6u _
- 6(6u —1) -
_ 6un® +18ux+6u—72u° -3x—n*+1
- 6(6u—1)

A7b)

= (n?+2+3(x=2))6u-1) = 6un? +18ux+6u- 72 -3x-n? +1 =

(17¢) = 6un®+18ux—24u-n®-3x+4=6un’+18ux+6u—-72u°*-3x-n*+1 =
_30£+/30° +4[72 15+ +15* +72

= 722-3u-1=0 = u,
' 2072 72

notan int eger

u is defined as a natural number (see (10a)-(10d})the result of calculations (17a)-(17c) is
contrary!
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Case of the (3b),(3c) - (10d) — (10a):
(1od

(30),(3¢) )
g, =9, +3(x-1) = n®+1+3(x-1) = 66uv-u+v)-1
(188.) (3b),(3c) (10a)
Ui =0, +3(X=2) = n*+3+3(x-2) = 66uv+u+v)+1

(18a) 2 — 2 - (18a)
= n° +3(x 1)+2:v(6u+1)—u:> v=" +3(x-1)+2+6u =
6 6(6u +1)

) n?+2+3(x-2) _
= 5 =6buvtu+v =
n*+2+3(x-2) _

n®+3(x-1)+2+6u Ut n*+3(x-1)+2+6u _

(18b) = 6u
6 6(6u +1) 6(6u +1)
_6un® +18u(x-1)+12u+36u® +36u° +6u+n® +3(x-1)+2+6uU _
- 6(6u +1) -
_ 6un® +18ux+6u+72u% +3x+n° -1
- 6(6u +1)

(180)

= (02 +2+3(x-2))6u+1) = 6un® +18ux+6u+ 72> +3x+n’ -1 =

(18c¢) = 6un®+18ux—24u+n’+3x-4=6un*+18ux+6u+720* +3x+n°*-1 =
-10++/ - -10+

u is defined as a natural number (see (10a)-(10d})the result of calculations (18a)-(18c) is
contrary!
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Case of the (3b),(3c) - (10d) — (10b):

(3b),(3c) (1od)
g, =9, +3(x-1) = n®+1+3(x-1) = 6(6uv-u+v)-1
(198.) (3b),(3¢) (10b)
O =0, +3(x=2) = n*+3+3(x-2) = 66Uv-u-v)+1

(19a) 2 _ 2 _ (19a)
®on +3(x 1)+2:v(6u+1)—u:> y= N2 +3(x-D+2+6u s
6 6(6u +1)
%) 2 _
= n +2+63(x 2):6uv—u—v .
(19h) L NH243(x=2) _ n*+3(x-D+2+6u_ _n’+3(x-D+2+6u _
6 6(6u +1) 6(6u +1)
_6un® +18u(x-1) +12u+36u° -36u* —6u—n*-3(x-1)-2-6uU _
6(6u +1)
_6un® +18ux-18u-3x—-n*+1
6(6u +1)

(19b)

= (02 +2+3(x-2))6u+1) = 6un® +18ux-18u-3x—n’+1 =

(19c¢) = 6un®+18ux—-24u+n®+3x-4=6un®+18ux+6u+720° +3x+n° -1 =
2 _ 2 _
= 2n°+6x-5=6u = u:2n +66X S 2n6 5 +X

neveran int eger

u is defined as a natural number (see (10a)-(16dj})the result of calculations (19a)-(19c) is
contrary!
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Case of the (3d),(3e) - (10c) — (10a):
(3d),(3e) (10c)
g, =9, +3(x-1) = n*+4+3(x-1) = 6(6uv+u-v)-1

(20a)
(3d),(3¢) ) (10a)
0w =0,+3(X-2) = n“+6+3(x—-2) = 6(6Uv+u+v)+1
(20a) 2 — 2 _ _ (20a)
= n° +3(x 1)+5:v(6u—1)+u:> v="n +3(x-1)+5-6u =
6 6(6u—1)
@) n? +5+3(x-2) _
= 5 =6uv+u+v =
(20b) n2+5+3(x—2)_6un2+3(x—1)+5—6u+u+n2+3(x—1)+5—6u_
6 6(6u —1) 6(6u —1)
_6un® +18u(x-1) +30u—36u® +36u° —6u+n’*+3(x-1)+5-6u _
6(6u-1)
_6un® +18ux+3x+n® +2
6(6u—1)
(20b)
= (n?+5+3(x-2))6u-1) = 6un® +18x+3x+n’+2 =
(20c) = 6un®+18ux—6u-n®-3x+1=6un*+18ux+3x+n’+2 =
— 2— —
= -2n°-6x-1=6u = uzznT&(l(O

u is defined as a natural number (see (10a)-(16dj})the result of calculations (20a)-(20c) is
contrary!
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Case of the (3d),(3e) - (10c) — (10b):
(3d),(3e) (10c)
g, =0, +3(x-1) = n’+4+3(x-1) = 6(6uv+u-v)-1

(21a)
(3d),(3¢) (10b)
0, =0,+3(x-2) = n*+6+3(x-2) = 6(6uv-u-Vv)+1

(@13) p?2 - 2 - - (212)
= n° +3(x 1)+5:v(6u—1)+u:> v=" +3(x-1)+5-6u =
6 6(6u—1)

(21a) 2 -
= A +5+63(X 2):6uv—u—v =
n*+5+3(x-2) _

n2+3(x—1)+5—6u_u_n2+3(x—1)+5—6u B

(21b) =N 6u
6 6(6u —1) 6(6u -1
_6un® +18u(x-1) +30u—36u® —36u° +6u-n®*-3(x-1)-5+6u _
- 6(6u—1) -
_6un® +18ux—72u% +24u-3x—n®* -2
- 6(6u—1)

(21b)

= (n? +5+3(x-2))6u—1) = 6un? +18ux—720% + 24u—-3x-n? -2 =
(21c) = 6un®+18ux—6u-n®-3x+1=6un’+18ux—72u° +24u-3x-n*-2 =

= 72°-3u=0 = u(2-30=0 = u =0, uzzj_g

u is defined as a natural number (see (10a)-(10d})the result of calculations (21a)-(21c) is
contrary!
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Case of the (3d),(3e) - (10d) — (10a):
(3d),(3e) (1od)
9,=0,+3(x-1) = n*+4+3(x-1) = 6(6uv-u+v)-1

(3d),(3¢) (10a)

O =0, +3(x-2) = n2+6+3(x—2) = 6(6uv+u+v)+1

(22a)

(22a) 2 _ 2 - (22a)
= n° +3(x 1)+5:v(6u+1)—u:> v="n +3(x-1)+5+6u =
6 6(6u +1)

@2)  n? +5+3(x-2)
= =

6
n2+5+3(x—2)_6un2+3(x—1)+5+6u+ +n2+3(x—1)+5+6u_
6 6(6u +1) 6(6u +1)
_6un® +18u(x—1) +30u+36u° +36u° +6u+n®+3x+2+6U _
6(6u +1)
Bun® +18ux—72u% + 24u +3x+n® + 2
6(6u +1)

6uv+u+v =

(22b)

(22b)

= (n?+5+3(x-2))6u+1) = 6un® +18ux—- 721> + 24u +3x+n’ +2 =
(22¢) = 6un®+18ux—6u+n®+3x-1=6un®+18ux-72u°> +24u-3x-n*-2 =

_ 2410

= T72°-24-3=0 = 24’-8u-1=0 = u,= e

%K_J
notan int eger

u is defined as a natural number (see (10a)-(10d})the result of calculations (22a)-(22c) is
contrary!
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Case of the (3d),(3e) - (10d) — (10b):
(3d),(3¢)
g,=0,+3(x-1) = n*+4+3(x-1)

@od

)
6(6uv—-u+v)-1

(23a)
(3d),(3¢) (10b)
0, =0,+3(x-2) = n*+6+3(x-2) = 6(6uv-u-Vv)+1
(23a) 2 _ 2 - (232)
= n° +3(x 1)+5:v(6u+1)—u:> v="n +3(x-1D)+5+6u =
6 6(6u +1)
(23a) 2 -
= A +5+63(X 2):6uv—u—v =
(23b) n2+5+3(x—2)_6un2+3(x—1)+5+6u_u_n2+3(x—1)+5+6u_
6 6(6u +1) 6(6u +1)
_6un® +18u(x-1) +30u+36u° -36u° —6u-n®*-3x-2-6u _
6(6u +1)
_6un® +18ux-3x-n*-2
6(6u +1)
(230)
= (n?+5+3(x-2)6u+1) =6un? +18x-3x-n?-2 =
(23c) = 6un®+18ux—6u+n®+3x-1=6un*+18x-3x-n*-2 =
2 2
= -6u+2n°+6x+1=0 = u:2n+—6X+1:x+ 2n” +1
6 6

neveran integer

u is defined as a natural number (see (10a)-(16d})the result of calculations (23a)-(23c) is
contrary!
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Case of the (3f) - (10c) — (10a):
(3f) (10c)
g, =9, +3(x-1) = n*+2+3(x-1) = 6(6uv+u-v)-1

(24a) 3f) (10a)
0,1 =0, +3(Xx—2) = n*+4+3(x-2) = 6(6Uv+u+V)+1
(24a) 2 _ 2 _ - (24a)
= n° +3(x 1)+3:v(6u—1)+u:> v="n +3(x-1)+3-6u =
6 6(6u —1)
@4 n?+3+3(x-2) _
= 5 =6uv+tu+v =
(24b) n2+3+3(x—2)_6un2+3(x—1)+3—6u+u+n2+3(x—1)+3—6u_
6 6(6u -1 6(6u —1)
_6un® +18u(x—-1) +18u—-36u” +36u° —6u+n°+3x—6u _
6(6u —1)
_6un® +18ux-12u+3x+n’
6(6u—1)
(24b)
= (n?+3+3(x-2)6u-1) = 6un® +18ux-12u+3x+n’ =
(24c) = 6un®+18ux-181-n*>-3x+3=6un’+18ux-12u+3x+n*> =
2
— BU+2N2+6X+6=0 = u:—Ww

u is defined as a natural number (see (10a)-(16dj})the result of calculations (24a)-(24c) is
contrary!
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Case of the (3f) - (10c) — (10b):
(3f) (10c)
g, =9, +3(x-1) = n*+2+3(x-1) = 6(6uv+u-v)-1

(253) 3f) (10b)
O =0, +3(Xx—2) = n*+4+3(x-2) = 6(6Uv-u-v)+1
(25a) 2 - 2 - - (25a)
= n° +3(x 1)+3:v(6u—1)+u:> v="n +3(x-1)+3-6u =
6 6(6u—1)
(25a) 2 -
= A +3+63(X 2):6uv—u—v =
(25b) n2+3+3(x—2)_6un2+3(x—1)+3—6u_u_n2+3(x—1)+3—6u_
6 6(6u -1 6(6u —1)
_6un® +18u(x-1) +18u—-36u® —36u° +6u—-n*—-3x+6U _
6(6u—1)
_6un® +18ux—72u% +12u-3x—n?
6(6u—1)
(250)
= (n?+3+3(x-2))6u-1) = 6un? +18ux- 7217 +121-3x—n*> =
(25c¢) = 6un®+18ux-184-n?-3x+3=6un’* +18ux-72u° +12u-3x-n* =
+
= 72°-3-3=0 = 24’-1u-1=0 = u1’2:104_814<1

u is defined as a natural number (see (10a)-(10d})the result of calculations (25a)-(25c) is
contrary!
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Case of the (3f) - (10d) — (10a):
(3f) (@od)
g, =9, +3(x-1) = n*+2+3(x-1) = 6(6uv-u+v)-1

(26a) (31) (10a)
U1 =0, +3(X=2) = N’ +4+3(x-2) = 66Uv+u+V)+1
(26a) 2 _ 2 - (26a)
= n° +3(x 1)+3:v(6u+1)—u:> v=" +3(x-1)+3+6u =
6 6(6u +1)
@%) 2 +3+3(x-2) _
= 5 =6uv+tu+v =
2 _ 2 _ 2 -
(26b) n° +3+3(x 2):6un +3(x 1)+3+6u+ wn +3(x 1)+3+6u:
6 6(6u +1) 6(6u +1)
_6un® +18u(x—1) +18u+36u’® +36u° +6uU+n° +3x+6U _
6(6u +1)
_6un® +18ux+72u% +12u+3x+n?
6(6u +1)
(26b)
= (n?+3+3(x-2))6u+1) = 6un? +18ux—-18u+3x+n? -3 =
(26¢) = 6un®+18ux-18u+n®+3x-3=6un®+18ux+72u° +12u+3x+n°* =
-10+
= 72°+3+3=0 = 24u’+10u+1=0 = u,= 14(1)8_2<0

u is defined as a natural number (see (10a)-(10d})the result of calculations (26a)-(26c¢) is
contrary!



Proof of the existence of prime number between successive squares

Dénes, Tamasnathematician Email: tdenest@freemail.hu

24

Case of the (3f) - (10d) — (10b):
(3f) (@od)
g, =9, +3(x-1) = n*+2+3(x-1) = 6(6uv-u+v)-1

(27a)
(3f) (10b)
O =0, +3(Xx—2) = n*+4+3(x-2) = 6(6Uv-u-v)+1
(27a) 2 — 2 _ (27a)
. n° +3(x 1)+3=v(6u+1)—u:> v=" +3(x-1)+3+6u .
6 6(6u +1)
(27a) 2 -
= A +3+63(X 2):6uv—u—v =
(27b) n2+3+3(x—2):6un2+3(x—1)+3+6u_u_n2+3(x—1)+3+6u:
6 6(6u +1) 6(6u +1)
_6un® +18u(x-1) +18u+36u° -36u° -6u—-n*-3x-6u _
6(6u +1)
_6un® +18ux—12u-3x-n?
6(6u +1)
@7b)
= (n?+3+3(x-2)6u+1) =6un? +18ux-18u+3x+n? -3 =
(27¢) = 6un®+18ux-18u+n*+3x-3=6un’+18x-12u-3x-n* =
2—
— Bu-2n7-6x+3=0 = u=x+ 203
6

neveran int eger

u is defined as a natural number (see (10a)-(10d})the result of calculations (27a)-(27c) is

contrary!

We have proved above that there are alvigysces ofg,,...,g, 6z:1-type natural numbers in

the interval [nz,(n +1)2] (see (9a) - (9f)) and only among these can betime numbers in

this interval.

However, in the above (12a)-(27c) has been prohed the indirect condition for any
natural number is never satisfied. It follows thfat, any natural numben, there exists a
prime number among the (5) and (7) type..,g natural numbers. This is exactly the proof

of item (1). This is exactly proof of (1) statemehbur Theorem 1.

Q.E.D.
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Table 1.
11.] 2. | 3 | 4, | 5 | 6. | 7. | 8. | 9. | 10. |

(3f)= g1=n*+2

(4= go=n’+4

(3b)= gr=n+1

(4b)=> Go=n?+3

(3e)= g1=n*+4

(4e)y= go=n*+6

(3a)= g1=n’+1

(4a)= go=n"+5

(3} Gr=n+4

(4d)= g,=n*+6

(3c)= gi=n+1

(4c)=> Qo=n’+3

(3= ga=n+2

(4= gz=n*+4

(3b)= gr=n+1

(4b)= go=n*+3

(3e)= g;=n’+4

(4e)=> go=n’+6

(Bay gi=n’+1

(4a)y=> go=n*+5

(3d)= g1=n*+4

(4d)= g,=n*+6

(3c)=> gr=n’+1

(4c)=> go=n’+3

(3f)= gy=n’+2

(4H= g;=n*+4

03=0:+6

(3b)= gi=n*+1

(4b)=> Go=n?+3

(3e)= g;=n’+4

(4e)= g,=n’+6

03=0,+6

(3a)= g1=n’+1

(4a)y> g,=n’+5

(3d)= gi=n*+4

(4d)= g,=n*+6

0s=0:*6

04=0,+6

(3c)=> gr=n’+1

(4c)= g=n’+3
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Table 2.

n* (q((n+1)?

5
16 11
16 25 19
25 36 31
36 49 41
49 64 61
64 81 67
81 100 83
100 121 103
121 144 139
144 169 149
169 196 181

Ol N0 || W[IN|PF

[
o

[ —
[

=
N

=
w

100 10.000 10.201 10.069

1.000 1.000.00d 1.002.001 1.000.039

10.000 100.000.000 100.020.001 100.000.213
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