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ABSTRACT

The above mentionedcomplementary prime-sieve" (for short:C.P.S)) can be characterize as
follows:

Our Theorem 1. is, every prime numlfgreater then 3) has the forms6k-1 or 6k+1 (k=
natural number). After it, we are given a necessary sufficient condition for 6k+1 and

6k-1 (k=1,2,3,...,natural number) in which a composite number. C.P.S. does not seek for a
prime number (as other sieves do), but sieves dnaposite numbers which left are prime
numbers (therefore this will call a complementenyne-sieve). By C.P.S. does not need the
use of Dirichlet's theorem. With aid C.P.S. we alde to generate the prime numbers
without factorization and at the same time we gavenxew method for factorization of
composite numbers.

With C.P.S. we makes better the factorization metbb S.W. Golomb, which appered in
CRYPTOLOGIA, vol. XX. Number 3. as "On factoringvd®s’ number".

Theorem 1.

Every prime numberp) 3 has the formsk+1 or 6k-1 where k =1,2,3,...

Proof:

Let us suppose that is not of forms 6k+1 or 6k-1, this implies:

(1.1) p=6k+2 or p=6k-2 pis even number, therefore it is composite number.
(1.2) p=6k+3 or p=6k-3 pisdivisible 3, therefore it is composite number.
(1.3) p=6k+4 vagy p=6k-4 piseven number, therefore it is composite number.
(1.4) p=6k+5 vagy p=6k-5= p=6k+5=06(k+1)-1 or p=6k-5=6(k-1)+1

these are the form of theorem.
Q.E.D.
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Remark:

Dirichlet's theorem states that "If (a,b)=1, thba arithmetic progressioak+b (k=1,2,3,...)
contains infinitely many primes.” But our theorestates thatevery primes are 6k+1 or
6k-1.

By Theorem 1. the natural numbers ordered in celumn (see Figure 1.), then all prime
numbers contain column first and fifth column (ficentains 6k+1 and column fifth contains
6k-1).

Figure 1.
6k+1 6k-1
! !
1 2 3 4 5 6
7 8 9 1011 12
13 14 15 16 17 18
19 20 21 2223 24
25 26 27 28 29 30
31 32 33 34 35 36
37 38 39 4041 42
43 44 45 46 47 48
49 50 51 52 53 54
55 56 57 58 59 60
61 62 63 64 65 66
67 68 69 7071 72
73 74 7% 76 77 78
19 80 81 8283 84
85 86 87 8889 90
91 92 93 94 95 96
97 98 99 100101 102

By Theorem 1. implies the "fast" upper bound of tlaenber of prime numbers less or equal
to N (denoten(N)):

(1.5)

n(N) ¢ %

)

(

1

N 3
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By Theorem 1. the determination of prime numbpy8 makes it possible to enumerate of
the form 6k £1 .

Below (see Theorem 2.) we give necessery arfitiemt conditions when the numbers is
the form 6k + 1 composite numbers. These conditions give thehaaetaind procedure,
which can be called to C.P.S.

Theorem 2. (Complementary Prime-Sieve: C.P.S.)

Let us suppose that N, k, u, v be natural numbdgrsre u,\=1.
N= 6k+1 a composite numberiffk= 6uv+ u+v or k=6uv-u-v
N= 6k -1 a composite number iffk= 6uv- u+v or k=6uv+u-v holds.

Proof of necessity:

dr -1

Let us supposéN= 6k+1 is a composite number, thék+1=dr = k=

holds.
There are two options:

= dr =1mod 6

(2.1) d=1moc6 = d=6u+l and r =1mMOC6 = r=6v+1l

e (u+D)(6v+1) -1 36uv+6u+6v+l-1
6 6

= 6uv+u+vVv

(2.2) d=-1moc6= d=6u-1 and r =-1moC6= r=6v-1

S ke (6u—1)(2v—1) —1= 36uv—6u6— 6v+1-1

=6uv -u-v

dr +1

If N=6k-1 a composite number, thesk-1= dr = k= = dr =-1mod6 holds.

There are two options:
(2.3) d=1moc6 = d=6u+l and r =-1moc6 = r=6v-1

S ke (6u+1)(6v-1)+1 36uv—-6u+6v-1+1
6 6

For this formula (2.3) is symmetric for u, v, sahere is another solution holds:

= 6uv-u-+v

(2.4) k=6uv+u-v

We proved the necessity of the proof.
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Proof of sufficiency:

Let us supposek= 6uv+u+v and N= 6k+1, as well asv=u+r , whereu,v =21r >0, then

(2.5)  N=6(6u(u+r)+u+u+r)+1 = 6(6u°+6ur+2u+r)+1 = (6u)>+6°ur +1+ 6 +1=
=(6u+D’+6a(Qu+)=(@+ ) 6+ * H= (6ut+l)(6v+l)
itistrivially not a prime.

Let us suppos&= 6uv-u-v and N= 6k+1, as well asv=u+r, where u,v=1r =0, then

(2.6) N=6(6u(u+r)-u-(u+r))+1 = 6(6u*+6ur-2u-r)+1 = (6u)> + 6°ur — 12— 6 +1=
=(6u-D°+6a(@-3=(@- ) 6- * 6= (6u-1)(6v-1) itistrivially nota prime.

Let us supposé&=6uv-u+v and N= 6k-1, as well asv=u+r, where u,v=1r =0, then

(2.7)  N=6(6u(u+r)-u+u+r)-1 = 6(6u°+6ur+r)-1= (6u)> + 6°ur + & —1=
=(6u+1)(6u-1)+6r(6u+l) = (6ut+1)(6u-1+6r) = (6u+1)(6Vv-1)
itistrivially not a prime.

Let us suppos&=6uv+u-v and N=6k-1, as well asv=u+r, where u,v=1r =0, then

(2.8) N=6(6u(u+r)+u-(u+r))-1 = 6(6u°+6ur-r)-1 = (6u)> + 6°ur — & —1=
=(6u+1)(6u-1)+6r(6u-1) = (6u-1)(6u+1+6r) = (6u-1)(6v+1)
itistrivially not a prime.

Q.E.D.

Corollary 2.1.

Formulae (2.5) - (2.8) gave the natural numidr 6k £1 represented as a product of
(6uxl)(6vtl).

If 6u-1, 6u+l, 6v-1, 6v+1 are prime numbers (as it is possible by Theoremtiien we
obtained prime factorization dfl.

We induced the notationsa=6u+1 and b=6u-1, then all N =6k +1 can be represented in
one of the form to (2.9) form:

(2.9) N,=a@+6r) N,=bb+6r) N, =ab+6r) N, = b(a+6r)

Example:
u=23, r=29= a=139, b=137= N,= 139x313= 43507 N,= 137x311= 42607
N,=139x311= 43229N,= 137x313= 42881
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Now we apply the C.P.S. to make better the facition method of S.W. Golomb (see [1]).
Golomb’s method inspired by W.S Jevons’ problemicWwipublished in his book in the 1873’
(see [2]). Jevons in this book presented a spetgfiedigit number (8.616.460.799) whose
prime factorization, he believed, would forever eamunknown except to himselfThe
prime factorization method of SW. Golomb:

Let us p andq arbitrary prime numbers and their producl.isVe can write:

(3.1) J=p=a>-b’=(a+b)(a-b)
where a and b are natural numbers.

We set g, :[\/3] andlet a, =g, +k for k=1,2,3,...
We look successively amkz —J to see if any of these is a perfect square, thus
(32) a’-J3=h" = J=(a +b)(a —h)

We apply the Golomb method for the Jevons’ numbeat specifically J=8.616.460.799
k=56, a,=92.880,h,,=3199.

2 |2 _ _ — - =
(ag,® =Dy’ = (@gs — g )(@gg + byg) = 89’)681[96079— 8.616460799=J)

q

The other way by the C.P.S. we give a factorizatibd to two prime factors, like the form
(3.3):

(3.3) J=@Bux)(6vF 1 (u,v=123, ..)

If we consider the equations (3.2) and (3.3)t itm@ly

(3.4) J=(@, +b)(a, —b,)=(6uxl)(6v+i)

From the condition ofJ is product of two primes and the (3.3), (3.4) diuns follows the
next states

(3.5) if J=6K+1, then a, +b,=6u+1 and a —-b,=6v+1l
if J=6K-1, then a, +b,=6u+1 and a, -b,=6vF1

And the addition of two equations imply:

(3.6) 22, =6u+6v2 = a, =3Uu+v)*l
2a, =6u+6v = a, =3u+v)

From (3.6) follows the state thaf , or a, +1 divides by 3, thus we set tha, as it
appears from (3.7)
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(3.7) h=[VJ]mod 3 = a=[vI]-h

namelya, divides by 3, then from the Golomb’s method implthatk divides by 3 too, or
k =+1mod3:

(3.8) a =gtk
That is, we pay attantion to only the stegs3,6,9, ... , or k=1,4,7,..., or k=258,... of
success are sufficient. Applied this result onX&eons’ number:
(3.9) a, 0% - 92823  (h=1)
g = 92880

Consequently thak=19 steps of algorithnlinstead of k=56) would have been sufficient!

Finally remarkable that the C.P.S. gives a direpresentation of composite humber in an
interval (M,N). Consequently one can obtain thenprnumbers of interval (M,N). By that
approach one obtained efficient methods to solkeetbasic tasks about the prime numbers:
1. Given aninterval (M,N) enumerate all possible prime numbers from that interval.

2. Let usrepresent the prime numbersup to N. (Then M=1)

3. Decide a natural number p primeitself ?

An RSA (Rivest, Shamir, Adleman) enciphermenteaysthe task 1.-3. might used with a
practical values. The real possibility which in@edhe effectiveness of C.P.S. is the parallel
computation.

Now we pay attantion to the follows of Theorenadd 2. for the twin prime problems.
From the Theorem 1. we have the following theorem:

Theorem 3.
p{qg are twin primes (greater than 3) ifp=6k -1, q=6k +1 and k convenient natural

number.

Corollary 3.1.
(3.1.) If p, g are twin primes, thenpq = (6k-1)(6k+1) = 36k* -1
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Thus we give the followig theorem:

Theorem 4.
(36k*—1) hase exactly two prime factors if6k-1 and 6k+1 are twin primes.

Corollary 4.1.
There are finite number of twin primes iff theréstxa K threshold number, then eveky
greater thanK implies that36k® —1 has greater or equal than three prime factors.

By this state follows that eitheBk-1 or 6k+1 is composite number (or both), which
allowable iff k has the form bellow:

(4.2) k=6uv+u+v or k=6uv-u-v or k=6uv-u+v or k=6uv+u-v

Thus we give the followig theorem:

Theorem 5.

There are finite number of twin primes iff therestxa K threshold number, then evely
greater than K implies that k has the form one of the (4.1) . It means tharettare
infinitely many suchk .

This Theorem 5. is equivalent to S.W.Golomb's felltig theorem, which appeared as
problem E969 in the May, 1951, issue of the AmeriRthematical Monthly:

"There are infinitely many twin primes if and onifythere are infinitely many positive
integers and all four combinations of signs alevad."

nZz6uvxuxv where nuvall=>1
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